I consider the Diophantine approximation problem of sup-norm simultaneous rational approximation with common denominator of a pair of irrational numbers, and compute explicitly some pairs with large approximation constant. One of these pairs is the most badly approximable pair yet computed.
The theory of approximation of a single irrational number by rationals is well known, and for our purposes the relevant facts may be summarized as follows. We measure the goodness of approximation of the rational number p/q to α by c(α, p, q) ≡ q|qα − p|. For each irrational α (without loss of generality, we may assume 0 < α < 1) we know by Dirichlet's thereom that there are infinitely many rationals p/q such that |α−p/q|<1/q 2 , or c(α, p, q)<1. It is therefore of interest to ask how small one may make γ in c(α, p, q)<γ before this property fails to hold. The approximation constant of α is thus defined as c(α) ≡ lim inf q→∞ c (α, p, q) . Here, of course, for each q we choose the p whch minimizes c (α, p, q) . Numbers α with a large c(α) are hard to approximate by rationals. The one-dimensional Diophantine approximation constant , defined as c 1 = sup α∈R c(α), has the value 1/ √ 5, attained at α = ( √ 5−1)/2. Otherwise expressed, this means that c 1 is the unique number such that for each ε >0, the inequality c(α, p, q) < c 1 +ε has infinitely many rational solutions p/q for all α, whereas there is at least one α such that c(α, p, q) < c 1 −ε has only finitely many rational solutions.
These results completely solve the problem of rational approximation in one dimension, but by contrast the situation in two or more dimensions is much more complex and in fact the value of the analogous constant c n for n 2 is unknown [1, 2] .
We wish to simultaneously approximate a pair of irrationals by a pair of rationals with common denominator and to measure the closeness of approximation by the maximum error in the two components, so we make the definitions:
The two-dimensional (sup-norm) simultaneous Diophantine approximation constant is then
Despite much work over the last few decades [3, 4, 5, 6, 7, 1, 2] , the value of c 2 is unknown, though folk-lore suggests that its value is 2/7. Adams [4] has shown that this is the correct value if we restrict the pair (α 1 , α 2 ) to cubic number fields, but his result does not give us a constructive procedure to identify pairs with large c(α).
Here, however, I use a theorem of Cusick together with high-precision numerical computation to explicitly compute examples of such pairs. These have potential applications to numerical simulation studies of dynamical systems on the 2-torus, where (α 1 , α 2 ) represent the winding number of periodic orbits.
Cusick's construction makes use of the cubic number field Q(θ ), where θ = 2 cos(2π/7), of smallest positive discriminant, namely 49. For details on cubic fields and their integral bases, I refer to [8] .
The theorem of Cusick [6] states that for any integral basis {1, α, β } of Q(θ ), we have c * < 2/7, where c * is the infimum of those c such that
(with y and z not both zero) has infinitely many solutions in integers x, y, z. Additionally, for any ε > 0 there is an integral basis {1, α, β } such that It is not known whether either of the last two conditions are satisfied. Note that this theorem relates to the dual problem to simultaneous Diophantine approximation, namely approximation to zero by linear forms. Hence, it is not immediately apparent that the upper bound of 2/7 that it gives for c * it defines is relevant to the problem of determining c 2 . However, from another paper by Cusick ( [9] , Corollary 1 on page 187), we have that for the particular field Q(θ ), c * (α, β ) = c(α, β ) for all integral bases. Also, by a theorem of Davenport [10] , we have sup c * (α, β ) = sup c(α, β ), where the sups are over all irrational pairs, not necessarily in a cubic field. Thus, if the above patterns in the continued fraction of θ do in fact exist, Cusick's theorem gives us a way of finding explicit pairs (which together with 1 form an integral basis of Q(θ )) with a value of c close to 2/7. Even if n 1 , n 2 do not become arbitrarily large, just the presence of some large values gives us potential candidates for very badly approximable pairs.
From results in [6] , it follows that for an integral basis of the form {1, pθ + qθ 2 , rθ+sθ 2 }, ( 
With this background, I can now state the main result of this paper: I have exactly computed over 2 million partial quotients of the continued fraction of θ (directly from the defining cubic x 3 +x 2 −2x−1), and the required patterns do indeed occur, though very infrequently. The largest values of c * , with the corresponding fractional parts of α = pθ +qθ 2 and β = rθ +sθ 2 occur at: 
These calculations involve extremely large integer and floating-point numbers; in case (G) the absolute values of the integers p, q, r, s are of the order 2 3×10 6 , and the calculation of c * requires floating-point operations of about twice this precision. In fact, these examples all come from cases of Cusick's first condition, and c * is given by 49/|4A| or 49/|4C|. Of course, the approximate decimal values for α, β given above are insufficient to represent the true values, but these may be reconstructed if required from the continued fraction of θ .
An independent verification of these results may be obtained by giving the values α, β as input to a simultaneous Diophantine approximation algorithm. Such an algorithm finds all best simultaneous approximants up to a given denominator. For the computation of sup-norm best approximants, an algorithm has been given by Furtwängler [11, 12] . Figure 1 shows the behaviour of the Furtwängler algorithm applied the pairs (A) and (C) above. The approximation constant estimated from the minimum c after ignoring the initial transient is about 0.2856, verifying the more precise value of c * above. But the chief point to be noted is the extremely long initial transient. Until a sufficient large denominator q is reached, these pairs would in fact appear to be not badly approximable.
I have thus exhibited some explicit pairs which are very badly approximable by rationals. I believe that the value 0.2857082 above is the largest explicitly computed lower bound for the two-dimensional simultaneous Diophantine approximation constant c 2 .
The question remains open as to whether there are pairs (necessarily unrelated to the field Q(θ )) with approximation constant larger than 2/7. 
